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Abstract- Tra~sient~eat and mass transfer in the two-phase system consisting of a subliming solid and a
vapour-gas ml~ture IS analysed. The aim of the work is to determine the temperature of the sublimation
surface of a ~ohd sub~tance, ~vaporated from a plate into a layer of inert gas for the case when the plate
temper~t~re IS a function of time. T~e mathematical description of the system is verified experimentally by
determining the temperature profiles m a layer ofsolid naphthalene in a naphthalene-helium system. The good
agreem~nt found between the calculated and measured temperature profiles justifies the approximations used
and verifies the results of an earlier analysis of unsteady state heat and mass transfer in the thermal diffusion

cloud chamber.

I\O:\IEI\CLATURE

Ave'AeV' constant in the Wassiljewa equation;
Cp , heat capacity at constant pressure;
Cv' heat capacity at constant volume;
c, mole concentration;
Dve' coefficient of binary diffusion, D~eRT'+ liP;
e, energy flux relative to mass average velocity;
H, enthalpy;
h, height of vapour-gas layer;
J, molar flux relative to mass average velocity;
k, thermal conductivity;
L, chamber height;
N, molar flux relative to stationary coordinates;
11, number of moles;
P, pressure;
q, energy flux relative to stationary coordinates;
R, gas constant;
T, heating rate;
s, constant ;
T, temperature;
t, time;
U, internal energy;
v, velocity;
x, mole fraction;
Z, dimensionless length coordinate, zjl.;
z, length coordinate.

Greek symbols
IX, thermal diffusion factor;
p, density.

Superscripts
related to the unit of mass;
partial molar quantity.

Subscripts
v,g, quantity in the binary system.

1",.RODUCfIOX

IN MANY technical processes we encounter the problem
of transient heat transfer in a composite system. In

many cases, this process is combined with a phase
change at the boundary. It is only natural to try to
develop a suitable analytical or numerical method for
evaluating the temperature distribution and the
position of the phase boundary as functions of time
[1-8]. In this contribution, we tackle the problem of
transient heat and mass transfer in the two-phase
system consisting of a subliming substance and a
vapour-gas mixture when the temperature of the
outside surface of the solid phase changes with time.
This particular problem is connected with an exper­
imental study of nucleation in supersaturated vapour
of solids in the thermal diffusion cloud chamber and its
aim is to determine the temperature of the subliming
surface which forms the boundary condition for the
evaluation oflhesupersaturation profile in the vapour­
gas mixture [9].

SYSTEM DESCRIPTIOX

The system examined is depicted in Fig. 1.It consists
of a layer of a subliming solid substance, placed on the
top plate of the chamber, and a layer of a vapour-gas
mixture. At the initial stage of measurements, the
system is in the steady state: during measurements the
temperature ofthe upper plate provided with the layer
of the subliming solid increases with time, while the
temperature of the bottom plate is constant. In the
system description it is assumed that heat and mass
fluxes are unidimensional and that the vapour-gas
mixture behaves ideally. As the total time of
measurement is generally short, and the mass flux is
small, it is assumed further that the position of the
boundary isconstant during the measurements. For the

vcpcur-qcs
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FIG. I. The coordinate system.
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net) = II v(t) + /lg(O) = /l,(t)+/1(0)-11,(0). (15)

The relation (15) can be adjusted, assuming ideal
behaviour, to give

EXPERIMENTAL EQUIPi\IENT AND METHODS

Temperature profiles in the layer of solid
naphthalene in the system naphthalene-helium were
used for the experimental verification of the calculated
temperature of the subliming surface. A modified
thermal diffusion cloud chamber was used for this
purpose, as depicted in Fig. 2.The bottom and the lid of
the chamber are formed from two aluminium discs 200
mm in diameter and 25 mm thick, the walls of a glass
cylinder 33 mm high and 164mm in diameter. Contact
points between plates and the glass cylinder were sealed
by Viton. The temperature of both plates is measured
byjacketed NiCr-Ni thermocouples situated in probes

Appendix). The initial conditions for equations (IO}­
(12) are given by the steady state solution. The
boundary conditions (cr. Fig. I) are given by

T(0,t)=T1, P,(O,t)=Pv.cq(Td, z=O, t>O,

qvg(h,t)-q,(lJ, t) = N,(h, t)Mlsu b l,

Pv(h, t) = Pv.cq[T(h, t)], z = h, t > 0,

T(L, t) = f(t), z = L, t > O. (13)

Mass fluxes are given by the definition relation (3) and
the equation of continuity for the component g,

ocJot = -(oNJoz), 0';;; z < h (14)

with the boundary condition Ng(h,t) = Ng(O,t) = O.
The total pressure of the vapour-gas mixture follows
from the balance of the total number of moles,

CO~IPUTATION PROCEDURE

The system of equations (4H6) was solved nu­
merically by the method of Katz and Ostermeier [12].
To solve the system of equations (lOHI2) and (14) we
used the Crank-Nicholson implicit scheme. Due to the
existence of the phase boundary, different network
steps were used in different layers, and first derivatives
at the interface were replaced by non-symmetrical
difference formulas within the accuracy of the Crank­
Nicholson layout. The corresponding systems of non­
linear equations have been solved by iterative quasi­
linearization [9]. The convergence of the iterative
procedure was followed by comparing the temperature
profiles resulting in single iteration steps. The calcu­
lation was terminated when the maximal tempera­
ture difference at an arbitrary point of the network
was less than 0.01 K in two successive iterations.

(16)
f
hP(O) - Pv(z, 0) fh Pv(z, t) d
---=:--::c--- dz + -- z

o T(z,O) 0 T(z, t)
pet) = fh dz

o T(z, t)

qs = -ks(dT/dz), h < z,;;; L, (1)

q.g = -k.g(dT/dz)+N.fl.+NgHg

+cxRT(xgN.-x.Ng), 0,;;; z < h, (2)

N. = -(c/xg)D.g[(dxv/dz)+cxx.xg(d In T/dz)]

+x.NJxg, 0';;; z < h. (3)

In steady state, when vapour diffuses through the
stationary inert gas g (N g = 0),equations (lH3) can be
adjusted for the calculation of temperature and partial
pressure profiles to give

same reason, it is also assumed that the thickness of the
layer of the solid substance, forming on the surface of
the cooled plate by condensation, is negligible. The
temperature of the condensing surface is then equal to
the temperature of the plate surface. By vwe denote the
vapour of the subliming solid and by g the inert gas.

The chamber represents a closed two-component
system where the only external force is gravity and the
driving forces of heat and mass transfer are the con­
centration and temperature gradients. For such a case
the heat and mass fluxes in the system are described by
[10]

dT/dz = -qJk.. h < z ,;;; L, (4)

dT/dz = k~l{ -q.g+Nv[fl. +cxRT(P-P.)/P]},

0,;;;z < h, (5)

where the coefficients A-H are generally functions of
state variables, compositions, and their derivatives (see

dPv/dz = cxP.(Pv-P)/TP(dTjdz)

+(Pv-P)N.lT'D~g, 0,;;; z < h, (6)

with the following boundary conditions (cf. Fig. 1):

T(O) = Tl> p.(O) = p v,eq('I;.), z = 0,

qvg-q, = N.I1Hsub l, P.(h) = Pv.cq[T(h)], z = h,

T(L) =~, T2 > Tl> z = L. (7)

To describe the temperature and partial pressure
profiles during heating we may start offby considering
equation (3), the equation of continuity of the com­
ponent v, and the energy equation [11]

pC.[oT/ot +r(oToz)]

= -oe/oz-P(ov/oz)+ Ov(oJ./oz) +Og(oJJoZ) (8)

where the following relation is valid for the energy
fluxes q and e:

e = q-r(c.flv+cgHg). (9)

Assuming ideal behaviour and rearranging the results
for the profiles in ref. [9] we have

aT/at = A(02T/oz2)+B(oTjoz), h < z';;; L, (to)

aT/at = C(02T/oz2)+D(oT/oz)+E, 0,;;; z < h,
(11)

oP./ot = FWpv/OZ2)+G(Opv/oz)+H, 0,;;; z < 11
(12)



Transient heat and mass transfer in a two-phase system 977

-.' #

Insulation

Heoter

Cooler

.......

Manometer~==:=;==='.J

Thermocouples_-r--+-_,

Gloss cylinder -r--,:...,-:--+

FIG. 2. Experimental apparatus.

bored so as to make the measurement points of the
thermocouples end approximately in the centre of the
plate and 0.5 mm below its surface. The temperature
profile of the layer of naphthalene is measured by four
NiCr-Ni thermocouples 0.15mm in diameter, fixedina
holder. The holder body is made of Sklotextite, a
material whose thermal diffusivity is similar to that of
naphthalene, and has steel needles with eyes introduced
parallel to the plate surface. The thermocouples are
inserted to make them point radially 70 mm into the
centre of the plate and end approximately above the
thermocouple in the plate. The position of the ther­
mocouples was controlled by a cathetometer (2.0,4.2,
7.2 and 11.2mm in the direction of the top plate). The
thermocouples were calibrated in the entire region of
temperatures using a standard Pt-100 resistance ther­
mometer (Heraeus GmbH., HanaujMain, F.R.G.). The
bottom plate is kept at a constant temperature by
contact with a cylindrical copper vessel, the top plate is
heated programmatically by a heating body using a
GP-1 graphical programmer and a TR-lO thyristor
controller (Development Workshop of the Czecho­
slovak Academy, Prague). Temperatures are recorded
with an EZ3 line recorder (Laboratory Instru­
ments, Prague), and pressures in the chamber are
measured by a mercury manometer. To prevent heat
losses, the entire chamber is insulated with a thick layer
of mineral wool.

Before starting actual measurements, we examined
how the temperature of the plate curface corresponds
to the temperature measured by the thermocouple in
the probe at different heating rates .. ois was verified
by comparing the melting point ofbenzophenone crys­
tals and naphthalene, sprinkled on the plate surface
in a position above the measurement point of
the thermocouple. The temperature was recorded
by the thermocouple itself. At a heating rate of 3 and
4 K min - 1 the difference between both temperatures
amounted to only ±O.I K, corresponding to the
accuracy of temperature measurement. The equipment
was further tested by measuring three temperature
profiles at the steady state with the chamber filled by
helium only. The temperature difference between the

plates in single runs was 14.4, 39.8 and 62.2 K at a
helium pressure of 98 kPa. The agreement between
temperature profiles calculated from plate tempera­
tures and experimental values was within ±0.2 K.
These results prove the absence offreeconvection in the
system (by the influence of colder walls) and verify the
assumption that the thermal flux between the plates can
be considered to be unidimensional for the given
equipment geometry (large column diameter with
respect to height). The results also indicate the accuracy
of the determination of the position of the thermo­
couples and the separation of the plates, and the fact
that the accuracy of measurement of the temperature
by the thermocouples is not affected by thermal con­
duction in them.

The naphthalene layer (pure grade, sublimed, from
Lachema, Brno), was prepared by melting the ap­
propriate amount ofcrystalline naphthalene directly in
the chamber. After its solidification and cooling to the
laboratory temperature, the chamber was rinsed with
helium gas (Messer Griesheim GmbH., Austria,
99.996% purity) from a pressure cylinder. The
temperature of the bottom plate was kept constant
during the measurement, while the temperature of the
top plate was increased linearly with time. Doth
temperatures were recorded, as well as the temperature
of the naphthalene layer and the total pressure in the
chamber. Temperature profiles in the naphthalene
layer were calculated from the temperatures of both
plates and from the total pressure of the vapour-gas
mixture.

The physical properties of the naphthalene and
helium used are given in Table I.

RESULTS Al'OD DISCUSSION

Temperature profiles were measured after the
described experimental method in the layer of solid
naphthalene at different heating rates, thicknesses of
the naphthalene layer and initial pressures in the
chamber. To avoid convective mixing of the vapour­
gas mixture, the conditions of single measurements
were selected so as to make the overall density of the
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Table I. Physical properties of naphthalene and helium

Naphthalene
M = 128.17
log Pc q = II.7059-2619.91/(T-52.499)
Co v = -42.9422+0.6972T-3.46 x 1O-4 T 2 + 2 x 1O-9 T 3

C'-V = -0.4+5.44 x 1O-3 T - 2.7 x 1O-6 T 2 + 1.56 x 1O- 11TJ

Co:, = -0.346+5.507 x IO- J T
kv = -3.98 x 10- 3 + 3.74 x 1O-5T

k, = 0.7215-1.25 x IO- J T
p = 1.375-4.64 x 1O-4T

!111,ubl = 72.5

Naphthalene-helium
:c = 1.0
D,. = D~.RT'+ liP
D~. = 1.424 x 10- 5

S = 0.75
Av• = 0.227,A.v = 9.31

Helium
M = 4.003
k. = 3.72 x 10-2 + 3.91 x 1O-4 T - 7.49 x 10-sT2+1.29 x 1O-11 TJ

CM = 20.794
tv.• = 3.118

[g mol-I]
[Pal
[1 K - I mol- 1]
[lK- ' g- ' ]
[lK- ' g- ' ]
[Wm- I K- ']
[Wm- I K- I ]

[g cm t ']

[kl mol " "]

[13]
[14]
[14]
[[5]
[16]
[17]
[18J
[19J

[IOJ

[20J
[20J
[16J

[21J
[22J
[22J

vapour-gas mixture highest at the bottom plate of the
chamber and to let it decrease smoothly towards the
naphthalene layer. The comparison of measured
temperature profiles and calculated values is given for
three particular cases in Figs. 3-5. Temperatures are
plotted in single time intervals vs the dimensionless
height Z = zll: For the experimental run depicted in
Fig. 3, the height of the naphthalene layer was 12.5mm
(Z = 0.62), the initial pressure in the chamber was 98
kPaand the rate ofheating the top plate was0.03K s -I.

The profiles 1-5 correspond to times 0, 200, 470, 700
and 970 s. In Fig. 4, the conditions were as follows:
thickness of naphthalene layer 18.8 mm (Z = 0.43);

initial pressure in the chamber 39.6 kPa; and heating
rate 0.05 K S-I. Temperature profiles 1-5 correspond
to times 0, 240, 520, 960 and 1100s, respectively. In the
last case (Fig. 5), the thickness of the naphthalene layer
was also 18.8 mm, the initial plate temperatures were
282.2 and 295.1 K, respectively, the initial pressure
98 kPa, and the rate of heating 0.02 K s -1. Profiles
1-6 correspond to times 0, 500, 1040, 1550, 1960 and
2500 s, respectively.

The examples given indicate good agreement
between the calculated and observed temperature
profiles. The results thus verify the validity of the
mathematical model used for the description of

T,K

z

FIG. 3. Comparison of calculated and experimental tern­
perature profiles; T, = 282.2 K, 7J. = 294.1 K, P = 98 kPa,

r = 0.03 K s - I, It = 12.5mm.

FiG. 4. Comparison of calculated and experimental tem­
perature profiles; TI = 282.4 K, T2 = 291.0 K, P = 39.5kPa,

r=0.05Ks- ',h= 18.8mm.
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transient heat and mass transfer in the respective
equipment and the applicability of the mathematical
solution. It is also validated that at the given system
geometry there is no free convection in the ~ystem and
that the heat flux between the plates can be well
approximated by the unidimensional simplification. It
follows also from the figures that the method applied
enables a straightforward calculation of the tempera­
ture of the subliming surface. The practically linear
temperature profiles in the vapour-gas mixture which
were calculated indicate that the predominating
mechanism of heat transfer in the experiments is
convection, which substantiates the results of the
earlier analysis [9]. From the point of view of
computing temperature profiles, thcentire problem can
thus be simplified to heat transfer in the two-phase
system, solid-inert gas.

FIG 5. Comparison of calculated and measured tempera­
. ture profiles; 1'1 = 282.2 K, 1'2 = 295.1 K, P = 98 kPa,

r = 0.02 K S-I, h = 18.8 mm.
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A = kJp.C..

B = (I/p.C.)(ckJoz),

C = k.Jp••C•.••,
D = (I/P.,C•.••l{ck ••loz-r),

E = -(I/P••C•.••){J.{an.loz)+J.(aflJoz)

+ RTi(J. +J J /oz +(~/P)i[P,(P - p.)(u, - u.Hloz

+ p(crlaz)} ,

F = RD~.T'+J/(P-P,),

G = RD~.TO(T'/(P-p.)]/iJz,

JJ = (~RD?T/P)p,T'-1(02T/oZ2)

+ i(P.T' -1 )/o:(oT/az) - RTc[P.N. /(P - P.)]/oz

+ (P.!71(oT/ct)
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where the single variables are defined by the following
relations

Vy = Ny/cy, v, = NJc"

v = (pyt'y+P,t',)/p,

J; = C,(l'v-V), J, = c,(l",-r),

c.: = (pyCy,y+ P.Cy,.l/p.

The dependence of thermal difTusivity of the vapour-gas
mixture on mixture composition is considered to have the

form

k; = x,ky/(xy+ A,.x,) + x,kJ(x. + A.yxy)

and the partial molar enthalpies of the components

fly = fT CP,y dT, n, = fT CP,. dT
Tl Tt

where the temperature ofthe condensation surface ~ is taken
as the reference temperature, Some coefficients can be further
adjusted; as given here, they were used for the difTerence
transcription of equations (1O)--{12),

TRANSFERT TRANSITOIRE DE CHALEUR ET DE MASSE DANS UN SYSTHIE
DIPHASIQUE SOLIDE-MELANGE VAPEUR ET GAZ AVEC SUBLIMATION

Resume-On analyse Ie transfert transitoirede chaleuret de masse dans un systerne diphasique en sublimation
solido-melange de vapeur et de gaz. Le but est de determiner la temperature de la surface du solide plan qui
sublime dans un gaz inerte dans Ie cas ou la temperature de la plaque chaufTante est fonction du temps. La
description mathernatique du systeme est verifiee experimentalement en determinant les profils de
temperature dans une plaque de naphtalene dans Ie systeme naphtalene-helium, Un bon accord entre les
profils de temperature calcules et mesuresjustifie les approximations faites et verifie les resultais d'une analyse
anterieure du transfert variable de chaleur et de masse dans la difTusionthermique d'une chambre de Wilson.

INSTATIONARER WARME- UND STOFFOBERGANG IN EINEM SUBLIMIERENDEN
ZWEI-PHASEN-SYSTEM AUS FESTSTOFF UND GAS

Zusammenfassung-Der instationare Warrne- und StofTiibergang in einem Zwei-Phasen-System aus
FeststofTund Gas wird untersucht. Das Zielder Arbeit ist die BestimmungderTemperaturder sublimierenden
Oberflache cines FeststofTes, der von einer Platte in eine Inertgasschieht verdampft wird, wobei die
Plattentemperatur eine Funktion der Zeit ist. Die mathematische Beschreibung des Vorgangs wird
experimentell bestatigt durch die Bestimmung des Temperaturverlaufs in ciner festen Naphthalinschicht in
dern System Naphthalin-Heliurn. Die gute Obercinstimmung zwischen den berechneten und gemessenen
Temperaturverlaufen rechtfertigt die angenommenen Vereinfachungen und bestatigt die Ergebnisse einer
friilieren Untersuchung des instationiiren Wahne- und StofTiibergangs in der Thermodilfusions-

Nebelkammer.

nEPEXO.lI.HbIE npOUECCbI TEnJIO-H MACCOOEMEHA B .lI.BYX(M3HOn CHCTEME
«CYEJIHMHPYIOIIlEECJI TBEP,llOE TEJIO - nAPOrA30BMI CMECb»

AHHOTaUHlI-npOBe.llell auanm I/eYCTal/OBIIBwerOCli Ten,10-11 xracconepenoca B .llByx<j>a31/oli cncrexre
«cydrmsnrpyroureeca TBep.llOe reno - naporasoaaa cxrecs». Hccnenoaamre npezmpnnaro c uensro
onpezieneana .rexmeparypn cy6ml~lIIpYlOmeiicli nOBepXHOeTiI rsepnoro seurecraa, ncnapsrourerocs
c nnaCTIIHbI B cnoli IlIIepTI/OrO raaa B cnysae, xorna resrrreparypa nnacrnnsr lIBJllleTCll <j>Yl/Kulleli
BpeMeHII. MaTe~laTII'leCKOe onucanue CllCTeMbI nposepeuo oxcnepnsrenransno nYTe~1 onpeneneuns
nporpuneil resrneparypu B moe TBep;\OrO nadrranuna B CIICTe~le nadrramm - rennli. Xopouree
coananenne MeJK.llY pacc-nrrannsnrn II 113~lepel/I/bl~1II nporpunsxn: rcxmeparypsr nozrraepxnaer
cnpaaennnaocn, ucnonsayexnax armpoxcnxrauuii II naer B03~IOJKIIOCTb npoaepnrs TO'll/OCTb pesyns­
TaTOB auamna necrauuonapnoro TennO-II sracconepeuoca, npoaenenuoro B repxmsecxon .llll<j><j>y-

3110HI/O-KOl/.lleHCaUIIOl/HOli xavrepe.




